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SECTION 10. METALLURGY AND ENERGY 

 

10.1 Analysis of methods for determining density and compressibility factor of 
gaseous energy carriers 

 
When designing energy meters and systems for measuring physical and 

mechanical parameters of energy carriers, mathematical models are used that contain 

parameters related to the properties of the controlled fluid: density, viscosity – for 

liquids, compressibility factor, isentropic exponent, density, viscosity, Joule-Thomson 

coefficient – for gases. Calculating methods with different scope and methodical error 

are used to determine these parameters. Misuse of such methods can lead to distortion 

of design results. So it is relevant to solve the task of choosing a method for 

determining properties for a particular fluid and for a certain range of its state 

parameters in order to reduce additional errors arising within design process. 

Numerous methods were proposed to calculate the compressibility factor and 

density of energy carrier, which are based on the principle of the corresponding states 

and special equations of state. The standards GOST 30319.2-96 [585], DSSDD 4-2002 

[586], GSSSD MR 118-05 [587], DSTU ISO 12213-2,3:2009 [588, 589], ISO 20765-

1:2005 [590] are based on the methods of well-known world centres for the studying 

physical properties. In addition, scientific and technical works [591-593] present 

methods for calculating the compressibility and density of components of energy-

intensive gas mixtures. The methods of the above sources have different requirements 

for the input data for the calculation, different calculating algorithms, but the scope of 

many of them are similar. So it is difficult to choose a method for a specific task. The 

purpose of the study is to analyse and systematize methods for determining the 

compressibility factor (coefficient) and density of energy carrier according to the 

specified characteristics in order to use them for the designing energy metering systems 

and instruments for measuring physical and mechanical parameters. 

Mathematical models of transducers of physical and mechanical parameters 

contain flow rate equations. It is convenient to apply the flow rate equation in 

volumetric units for gas flows which contains the compressibility factor (coefficient). 
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The flow rate equation in mass units that is used for steam flows (water steam, 

ammonia, etc.) contains steam density. Although it should be noted that in the single-

phase area, the density of gas or steam is uniquely associated with the compressibility 

factor. In particular, the following equation [585] is known, which relates the density 

of the fluid with its compressibility factor: 

 TKPPT bbb  ,      (1) 

where  is gas density at working conditions; P, Т are absolute pressure and 

temperature of gas; Рb, Тb are pressure and temperature at base conditions; K is 

compressibility coefficient; b is gas density at base conditions. 

According to the equation (1) one can calculate the density at working 

conditions, having a compressibility coefficient, for known pressure, temperature and 

density of fluid at base conditions, and vice versa: one can calculate the compressibility 

coefficient, having the density at working conditions. This allows to adapt the methods 

for calculating density or compressibility coefficient to the tasks of energy metering 

and designing transducers of physical and mechanical parameters.  

The authors highlighted the following features for systematizing the methods for 

calculating the properties: parameter for which the method is intended; scope; accuracy 

in the application area; the possibility of algorithmization and software implementation 

of the method. 

Analysis of methods for calculating density and compressibility factor of gases 

and gas mixtures [585-593] shows that according to the principle, structure and 

application algorithm these methods should be divided into the following groups:  

1) methods based on the theory of similarity and the principle of the corresponding 

states;  

2) methods that use the virial decomposition of characteristics P , V  and T ; 

3) methods that use multi-constant generalized equations of state. 

The first group combines methods that apply correlations that associate the 

compressibility coefficient with the reduced gas parameters. From the principle of 

similarity follows the principle of the corresponding states of comparable substances: 

the comparable substances are in the so-called corresponding states, when 
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dimensionless reduced parameters are equal. The critical states of real gases are the 

reducing points. The reduced equation is common to a certain class of substances. It 

shows that two different gases, in which, for example, two of the three reduced 

variables are the same, have the same third reduced variable. Based on this principle, 

it is possible to determine approximately the properties of a certain substance, if they 

are known for the other substances similar in structure and composition. The simplest 

two-parametric correlations that connect the compressibility coefficient K and the 

reduced parameters of substances have the form  rr P,TfK  . To increase the 

accuracy of determining the compressibility coefficient, the third parameter is 

introduced into the correlation. This is the critical compressibility factor Zcr or the 

acentric factor . Then correlating dependence has the form: 

 crrr Z,P,TfK   or  ,P,TfK rr ,    (2) 

where rr P,T  are reduced temperature and reduced pressure. 

The use of correlations based on principle of corresponding states for calculating 

the compressibility coefficient is justified for simple non-polar gases, for which three-

parametric correlations allow calculation with an error not exceeding 3%. The use of 

even the most complex correlations of this group for polar gases gives results with an 

error that reaches 5-10%. Methods based on principle of corresponding states require 

graphs and nomograms, which complicates their program implementation. 

The second group combines methods that use a theoretically proved virial 

decomposition of gases properties P , V  and T : 

       321 V/TDV/TCV/TBZ    (3) 

Constants B(T), C(T), D(T), in addition to temperature, depend on the potential 

of intermolecular interaction, interaction energy and inter-atom distances. The 

equations of the virial type formed the basis of many modern methods for calculating 

the compressibility factor of gases and gas mixtures (for example, modified method 

GERG 91 mod., method AGA8-92DC [585]). 

The third group combines methods that use a large number of generalized multi-

state equations. These methods analyze the corresponding generalized equations of gas 
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state and as a result the most accurate, though complex correlations are obtained. These 

correlations associate parameters P , V , T  and compressibility factor Z. 

It is difficult to obtain theoretically proved generalized equations of state with 

high accuracy of calculation of compressibility coefficient of multicomponent mixtures 

of energy carriers. Therefore, the approximating equations of state were developed 

based on high-precision experimental data on compressibility coefficient of natural 

gas. Methods based on approximating equations are not inferior, but are often better 

than methods based on generalized equations of state according to the calculating 

accuracy of compressibility coefficient of natural gas. Some of these methods are 

certified by national standards as high-precise calculation methods. 

The methods of the second and the third groups are well provided for 

algorithmization and software implementation for their use in energy metering systems 

and systems for measuring their physical and mechanical parameters. One of their 

disadvantages is the necessity to carry out an iterative solution for equation of state, 

which contains two unknown interrelated parameters (density, compressibility factor). 

It is known that hydrocarbons are the main components of most energy carriers. 

Although they have similar chemical structure, their physical properties (isentropic 

exponent, compressibility factor, density, viscosity, calorific value) can vary 

significantly. A universal equation of state, which describes the properties of such 

substances with sufficient accuracy for engineering problems, has not been developed 

up to date. Each of them has its limitations, its specific advantages for use in practice. 

Equations of state for individual clean components have been developed to 

describe accurately the properties of energy carriers in a wide range of changes of 

pressure and temperature. In particular, the series of monographs of the Standard 

Reference Data State Service (DSSDD), which begins with the monograph [592], 

contains the thermodynamic properties of hydrocarbons (methane, ethane, propane, 

ethylene) and some other gases (nitrogen, oxygen) that are part of natural gas. These 

monographs analyse a large number of experimental data on the thermodynamic 

properties of hydrocarbons and some non-hydrocarbon components (in particular 

nitrogen, oxygen) and present the averaged equations of state and the results of 
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calculating the properties of individual components according to these equations of 

state. The calculating results are presented in tables of property according to the 

following list: density, compressibility factor, enthalpy, entropy, isochoric and isobaric 

heat capacity, sound speed, volatility and a number of other thermodynamic parameters 

necessary in practice. Calculation of parameters in tables using the state equation of 

liquid and gaseous phases, that satisfies the Maxwell rule, provides complete 

thermodynamic consistency of different values. 

The most important characteristics of the methods for calculating the 

thermodynamic properties of hydrocarbons and some non-hydrocarbon components 

presented in the series of monographs of the DSSDD are given in Table 1. 

The American Institute of Chemical Engineers AIChE proposes one of the 

simplest methods for calculating hydrocarbon density based on the virial type equation 

[593]. Since for many engineering tasks the density of gas in working conditions is half 

the critical density, for its calculation it is enough to limit it only to the second virial 

coefficient, which gives sufficient accuracy (the error does not exceed 0.25%). Then 

virial equation can be written as [593] 

0
12 

BRT

P

B molmol  ,    (4) 

from which an equation for calculating the molar density is obtained: 
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where mol is molar density of gas, mol/m3; B is the second virial coefficient, m3/mol; 

Р is absolute pressure of gas, Pa; R is universal gas constant, J/(molK); Т is 

temperature of gas, K. 
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Table 1. 
Methods for calculating density and compressibility factor 

№ 
Method  

(Equation of state) 
Scope of application Methodical error 
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S
S

D
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 Methane [592] 
0.1  P  30 MPa 
250  T  400 K 

0.010.09% 

2 Ethane 
0.1  P  30 MPa 
240  T  400 K 

0.0111% 

3 Propane 
0.01  P  30 MPa 

100T700 K 
0.010.14% 

4 Ethylene 
0.1  P  30 MPa 
250  T  400 K 

0.0112% 

5 Nitrogen 
0.1  P  30 MPa 
200  T  400 K 

0.020.6% 

6 Oxygen 
0.1  P  30 MPa 
250  T  400 K 

0.010.35% 

7 Equation AIChE [593] r  0.5  0.25% 

8 Technique [587] 
200  Т  400 K,  

P  10 MPa, r  0.5 
0.25%  

(Тr  1.4, P  5 MPa) 

9 
Based on the principle 
of corresponding states 
(generalized diagrams) 

For simple non-
polar gases [585] 1  Tr 4  

0  Pr 7 

 3% 

For polar gases 
[585] 510% 

10 
Method BWR-20 (based on Benedict–
Webb–Rubin equation of state) [585] 

0.8  Tr 5.5  
r  1.8 

0.2% 

11 
Yamada method BWR-44 (based on 

Benedict–Webb–Rubin equation of state) 
[591] 

0.8  Tr 5.5  
r  2.7 

0.18% 

12 Redlich–Kwong equation of state [591] 
1 Tr  ≤4  
0 Рr 7 

Soave  - 2% 
Sugie-Lu – 0.5% 

13 

N
at

ur
al

 g
as

 

Hall-Yarborough method [593] 
Tr  > 1.05 
r  0.5 

0.3% 

14 
Equation of Pacific Energy 

Innovation Association [593] 
0 < P < 34.5 MPa 
233 < T < 390 K 

0.5% 

15 Method NX 19 mod. [585] 
0.1  P  7.0 MPa 
250  T  340 K 

0.120.57%  

16 Method GERG-91 mod. [585] 
0.1  P  12.0 MPa 

250  T  340 K 
0.110.2% 

(without Н2S) 

17 Method VNITS SMV [585] 
0.1  P  12.0 MPa 

250  T  340 K 
0.110.36% 

 
18 

DSSDD 4-2002 [586] 
0.1  P  25.0 MPa 

250  T  320 K 
 0.5% 

19 ISO 12213.2 (AGA8-92DC) [588] 
0.1  P  30.0 MPa 

250  T  350 K 

 0.1%;  
0.20.5% (T < 275K, 

P > 10.0 MPa) 

20 ISO 12213.3 (SGERG-88) [589] 
0.1  P  12.0 MPa 

263  T  338 K 
 0.2% 

21 ISO 20765-1 [590] 
P  30 MPa,  

265  Т  350 K 
 0.2% 
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According to AIChE, the equation of the second virial coefficient is: 

983 T

e

T

d

T

c

T

b
aB  ,    (6) 

where a, b, c, d, e are constants proposed in the AIChE works for a large list of 

substances, including lots of hydrocarbons [593]. 

The technique [587] allows one to calculate the properties of gases and their 

mixtures. The mixtures can include the following components in different 

combinations: methane, ethane, propane, n-butane and isobutane, n-pentane and 

isopentane, hexane, nitrogen, carbon dioxide, hydrogen, oxygen, argon, carbon 

monoxide, ethylene, helium-4, hydrogen sulfide and ammonia. The scope of the 

technique is limited by the range of absolute temperatures 200  Т  400 K and by the 

range of pressures 0.1  P  10 MPa; the density of the mixture should not exceed half 

the pseudocritical density (r 0,5). The error of determining the compressibility factor 

and density does not exceed 0.25% for Тr  1.4, P  55 MPa. 

Thus, today a large number of methods for calculating the properties of 

hydrocarbons and non-hydrocarbon components of energy-containing gas mixtures 

have been proposed. These methods calculate density and compressibility factor for 

pure components. Having the density and compressibility coefficient of pure 

components and the component composition of mixture and applying the rules for 

combining pure components, you can get the density and compressibility coefficient 

of mixtures. However, this method gives good results only for mixtures of gases, the 

state of which is close to ideal. For real gas mixtures at high pressures, the methods 

should be applied that are designed especially for calculating mixtures properties. 

The authors also systematize the methods for calculating the density and 

compressibility coefficient of energy-intensive gas mixtures. In the well-known 

scientific and technical literature [585-590] special methods for calculating the 

physical properties of technically important mixtures with a limited range of 

component concentrations are proposed. In addition, [591] provides a number of 

generalized classical equations of state that can also be used to calculate the density 

and compressibility of energy- intensive mixtures. 
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Among the methods [591], based on classical equations of state, the following 

methods should be recommended for calculating the compressibility coefficient of 

gaseous mixtures: methods based on Redlich–Kwong equation of state (Soave, Sugi-

Liu methods); methods that use the Benedict–Webb–Rubin equation of state (BWR-

24 and BWR-44). 

The methodical error of determining the compressibility coefficient for Redlich–

Kwong equation is m = 5% for reduced temperature Тr ≤ 4  and the reduced pressure 

0 ≤ Рr ≤ 7. Soave and Sugi-Liu methods within the same temperature and pressure 

ranges provide the following methodical errors of determining the compressibility 

coefficient: m = 2% for the Soave equation; m = 0.5% for the Sugi-Liu equation. Since 

the methodical error of these methods is significant, they are used only as methods for 

approximate calculation or for interpolation problems with known exact values of 

compressibility coefficient at several points [593]. 

The modified Benedict-Webb-Rubin equation BWR-24 allows one to calculate 

the compressibility coefficient of non-polar gases with reduced density that does not 

exceed 1.8. For reduced temperature Тr from 0.8 to 5.5 methodical error is m =0.2 %. 

Todoshi-Yamada proposed a modification BWR-44 of Benedict-Webb-Rubin 

equation for calculating the compressibility coefficient of gases with a reduced density 

up to 2.7. The equation BWR-44 allows one to calculate the compressibility coefficient 

of mixtures with error m =0.18 %. 

In standard [585] for calculating the compressibility coefficient of natural gas, 

four methods are proposed, based on state equations and experimental data on the 

compressibility coefficient of natural gas:  

- modified method NX-19 mod., based on experimental data from the American 

Gas Association AGA;  

- modified method of the European Group of Gas Research GERG-91 mod., based 

on equation of virial type;  

- method of the American Gas Association AGA8-92DC;  

- method of the All-Russian Research Centre for Standardization, Information and 

Certification of Raw Materials, Materials and Substances (VNITS SMV). 



SCIENTIFIC FOUNDATIONS OF SOLVING ENGINEERING TASKS AND PROBLEMS 

 618

The AGA8-92DC and VNITS SMV methods require data on the complete 

component composition of gas and have an iterative algorithm for calculating the 

compressibility coefficient. Methods NX-19 mod. and GERG-91 mod. are based on 

simplified data on gas composition and have a linear calculating algorithm. So, they 

have some advantages while implementing in the systems for measuring technological 

parameters. Standard [585] provides information about the scopes of methods and 

errors in determining the compressibility coefficient. Errors of methods for general 

application are given in Table 1. 

Hall–Yarborough method [593] is designed to calculate the compressibility 

factor of natural gas. The method provides an error of calculation less than ±0.3% for 

reduced temperatures Тr > 1,05 and for high reduced pressures. However, it is 

necessary to have data on complete component composition of gas mixture in order to 

use the method. The solution of the main equation of the method is obtained iteratively. 

The Pacific Energy Innovation Association method [593] is designed to 

determine the super-compression factor of natural gas in the pressure range up to 34.5 

MPa, temperature range from –40 to +116 С for mixtures with a specific weight from 

0.554 to 1.0 and concentration of carbon dioxide and nitrogen - each up to 15%. 

The method DSSDD 4-2002 [586] is developed with authors participation to 

calculate the compressibility coefficient of natural gases at pressure from 12 to 25 MPa. 

The equation for calculating the compressibility coefficient is developed based on the 

principle of corresponding states: 

i
r

j
r

i j
ij PTaK 

 


9

0

3

0
,     (7) 

where rT is reduced temperature, K; rP is reduced pressure, MPa; ija  are equation 

coefficients. The values of coefficients ija  and the dependences for calculation the 

reduced pressure and temperature are given in [586]. 

The technique is recommended for microprocessor calculators of natural gas 

quantity at automobile gas filling compressor stations. It can be used in the following 

conditions: natural gas density in base conditions from 0.6673 kg/m3 (which 
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corresponds to pure methane) to 0.7228 kg/m3, temperature range from 250 K to 320 

K, the molar fraction of carbon dioxide and the molar fraction of nitrogen do not exceed 

15%. The relative error of determining the compressibility coefficient in these 

conditions does not exceed 0.5%. The relative error of calculation also does not 

exceed 0.5% while calculating the compressibility coefficient for the pressure range 

from 0.1 to 12 MPa and for the specified ranges of temperature and density in base 

conditions. 

Standard ISO 12213-2:2006 [588] contains a method for calculating the natural 

gas compressibility factor based on AGA8-92DC equation of state and data on full 

component gas composition. Standard ISO 12213-3:2006 [589] contains a method for 

calculating the compressibility factor based on the virial equation of state SGERG-88 

using simplified set of data on gas composition. 

Methods of both standards [588] and [589] use a complex iterative algorithm for 

calculation. To solve the state equation AGA8-92DC [588] it is necessary to implement 

an iterative process with serial clarification of density in working conditions and 

compressibility factor. To calculate the compressibility factor according to the 

SGERG-88 equation [589] it is necessary to implement two iterative processes: the 

first is to calculate the transitive parameters in the cycle with serial clarification of 

density in base conditions and the higher calorific value of gas; the second is to 

calculate the molar density of gas in working conditions in a cycle with a serial 

clarification of gas pressure. So, despite the fact that the SGERG-88 method calculates 

the compressibility factor using a simplified data on gas composition, the algorithm of 

the method is complex and requires not less computational capacities than the methods 

based on complete data on gas composition. 

To calculate the compressibility factor using SGERG-88 method, a set of input 

data can be formed in different ways. The main method realization contains the 

following parameters: gas pressure and temperature, higher calorific value in 

volumetric units, relative (to air) density in base conditions, carbon dioxide and 

hydrogen content. To determine the calorific value of natural gas techniques are 

proposed using the complete data on gas composition. Thus, the method loses the 



SCIENTIFIC FOUNDATIONS OF SOLVING ENGINEERING TASKS AND PROBLEMS 

 620

advantage of simplicity of its input data set. 

The international standard ISO 20765-1 [590] presents a fundamental equation 

that shows the relationship of Helmholtz free energy with the reduced density, reduced 

temperature and gas composition. The equations for determining thermodynamic 

properties are derived from the equations of partial derivatives of Helmholtz free 

energy. The method proposed in ISO 20765-1 [590] is designed to calculate the 

properties of mixtures in a gaseous state and has a wide pressure scope (P  30 MPa) 

and temperature (250 K  Т  350 K). 

The results of systematization of methods for calculating the properties of pure 

components and energy-intensive mixtures of gases according to the above features are 

presented in Table 1. The characteristics of methods for calculating the properties of 

gas mixtures are given for the main range of composition that is declared in the relevant 

work. Most of the methods for calculating the physical properties of energy carriers are 

based on equations of state with interrelated parameters (pressure – density, 

compressibility factor – density). 

Algorithmization of above methods provides solving the following tasks: 

preparing the input data; selecting a numerical method for solving a nonlinear state 

equation with minimum iterations; developing an algorithm for choosing the initial 

approximation, which would ensure the convergence of the method solution; 

determining the criterion for exiting the iterative process. 

When the connection lines of parameters P, V, T do not change significantly it 

is easy to choose a numerical method for solving the equation of state for a single-

phase area. In this case the choice of method depends on the properties of connection 

lines of parameters P, V, T: the presence or absence of extremes, the maximum value 

of the derivative at the interval of root. If there is transition through the phase separation 

lines, the other equations (saturation line equations, etc.) should be added to the 

equation of state. Then it is necessary to apply methods for solving systems of 

equations. 

According to the results of comparative analysis of methods for calculating the 

density and compressibility coefficient of energy carriers, an information base was 
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formed to calculate energy carriers’ properties and to develop new methods for 

determining properties. The considered methods and their algorithms can be used while 

designing energy metering tools and systems for measuring physical and mechanical 

parameters of energy carriers. They allow to reduce errors in determining properties, 

and, accordingly, to achieve higher quality of design and measurement. 

 

  


